(12) defines a natural "embedding" map. For the case of a bounded region 12 it is well known that these maps are completely continuous, and even, for sufficiently large k, of Hilbert-Schmidt type. We have discussed complete continuity in the case of unbounded regions in an earlier paper; here we consider conditions on 12 which imply the HilbertSchmidt property for embeddings. An application is given to the spectral theory of self-adjoint uniformly elliptic differential operators; that is, we show that the resolvent operator corresponding to such a differential operator is of Hilbert-Schmidt type provided that the order of the differential operator is sufficiently large.
Embedding theorems.
Let 12 be a region in n-dimensional Euclidean space E n (n > 2). Consider the function A mapping T : X -> Y between two Hilbert spaces is said to be of HilbertSchmidt type if X)* H^illr < °° for any orthonormal sequence {e t } in X.
In (3) we obtained the following generalization of Theorem 1. (Condition I, which we need not describe here, is a sort of regularity condition.) Our main interest in the present paper is to generalize Maurin's theorem to quasi-bounded regions. Proof of Theorem 4. We write out the proof for the case m = 0, leaving to the reader the straightforward alterations needed to obtain the general case.
Let y G 12 be given, and consider the linear functional T y on i/ 0 '(12) denned by T y (u) = u(y). By the lemma we have, for u G iJ 0 '(12), (2) sup \D°u(y)\ < const. \\u\\ t if \a\ < y + 1.
In particular, 7^, is a continuous linear functional on H^ (12), so that there exists g^ G H 0 l (Q) with ||g"||i = ||r y || and and for this the following inequality is sufficient:
«/Î2
Now let w € Co 00 (12), let ^ G 12, and let y Q be a point of 512 such that
Expanding u(y) about y 0 by Taylor's formula with remainder, we have
« 60 = 2 n #"« (y«) (y -yo) a ,
where |y« -3>o| < \j -3^o| . Using inequality (2), we therefore obtain (4) \u{y)\<c\\u\\ t -r(y)*\ c being a constant independent of u. Now we can easily show that (4) holds also for any u G H^iQ). For example, let e > 0 and let u x G C 0°°( 12) satisfy \\u -Ui\\ t < e. By (2) Ci being independent of u. Since e is arbitrary, (4) now follows for any u e Ho*®).
The proof of (3) is now immediate:
; \\u\\t<l the hypothesis (1) then yields (3) and the theorem is proved. Note that the argument given also works for the case v = -1, which includes the case of bounded 12. In fact in this case our proof is the same as Maurin's.
THEOREM 5. Let 12 be a region in E n , and suppose that for some non-negative integer v we have
Then the embedding maps Proof. We again treat only the case m = 0. There is no loss of generality in assuming that 12 is quasi-bounded, for in the contrary (unbounded) case the embeddings are not even completely continuous, by Theorem 3. Moreover, we need consider only the case / = [^n] + v + 1.
Following the first part of the proof of the preceding theorem, but now taking {e^\ to be a complete orthonormal sequence in i7 0 f (12), we see that
so that we must show that (6) f IIT;II 2^ = +co.
Since for quasi-bounded regions the norm || \\ m in i7 0 m (12) is equivalent to the norm | \ m given by '-p (n odd). Since p = r(y) < 1 except on a bounded subset of 12, the relation (6') is a consequence of (5). The proof is complete.
Note that the proof shows that when n is odd, the hypothesis (5) can be weakened to 
